Abstract. This article introduces a new term "splint" and classifies the splints of the classical root systems. The motivation comes from representation theory of semisimple Lie algebras. In a few instances, splints play a role in determining branching rules of a module over a complex semisimple Lie algebra when restricted to a subalgebra. In these particular cases, the set of submodules with respect to the subalgebra themselves may be regarded as the character of another Lie algebra.
Introduction
This paper is concerned with a branching rule for a pair g 1 ⊂ g of semisimple Lie algebras in which the highest weights of a representation V with respect to g 1 themselves may serve as the weights of another semisimple Lie algebra. The particular phenomenon has been mentioned in the literature only a few times, and generally only parenthetically; see [2] and [5] .
It is perhaps easiest to see the phenomenon the case where g is the 14-dimensional exceptional simple Lie algebra g 2 and the subalgebra is sl 3 . If V is any finite-dimensional irreducible module for g 2 , then the branching into irreducible representations of sl 3 has the pattern of a weight diagram for sl 3 . As [2] explains, this follows from the fact that the difference between the root systems of g 2 and sl 3 is a copy of the root system for sl 3 .
A less trivial example occurs when g = b 2 ∼ = so 5 . Recall that the set ∆ + = {e 1 , e 2 , e 1 − e 2 , e 1 + e 2 } serves as a system of positive roots for this Lie algebra, where {e 1 , e 2 } is an orthonormal basis for the dual of a prescribed Cartan subalgebra. Choose g 1 = a 1 ∼ = sl 2 as the Lie subalgebra corresponding to the subset
Next, let V be a finite-dimensional irreducible module over g. Then V is a module over g 1 and one may write
where each V µ is an irreducible g 1 -module with highest weight µ. Then, as the reader may check, the weights µ appearing in this summand have the pattern of a weight diagram of a representation of sl 3 . This occurs despite the fact that a 2 is not a subalgebra of b 2 .
These examples motivate the introduction of the term "splint". Roughly, a splint of a root system ∆ is a partition ∆ 1 ∪ ∆ 2 into two subsets, each of which have the additive, but not necessarily metrical, properties of a root system. The aim in this study is to classify all splints of root systems for complex semisimple Lie algebras. This problem is slightly more general than what is needed with regards to branching rules. In the example above, one of the "components" ∆ 1 corresponds to a Lie subalgebra of g, but one will not find this constraint in the definitions; there are few enough cases to sort through if the reader wishes to find these.
One of the ingredients of the term "splint" is the idea of a root system embedding. The definition given here is novel, although [1] introduces a similar definition. The reference [6] is given because the techniques used there seem the closest to the ideas expressed in this introduction.
Definitions
The purpose of this section is is to define what it means for a root system to splinter, but one first needs some preliminary terminology. First of all, the term "simple root system" refers to one appearing in Cartan's list
corresponding to four classical sequences of and five exceptional complex simple Lie algebras, [3, 4] .
If g is complex semisimple, then its root system is a disjoint union of various copies of these, each corresponding to a summand of g into simple components. One may abstract this as follows: Suppose ∆ 1 and ∆ 2 are root systems. Then one assumes already that ∆ 1 and ∆ 2 are subsets of vector spaces V 1 and V 2 respectively. The "direct sum" of the root systems is then
The direct sum operation has the following features: First, if ∆ = ∆ 1 + ∆ 2 with α 1 ∈ ∆ 1 and α 2 ∈ ∆ 2 , then α 1 + α 2 / ∈ ∆. Second, if there exist roots α 1 , α 2 ∈ ∆ such that α 1 + α 2 is also a root, then the root system cannot be written as a direct sum ∆ = ∆ 1 + ∆ 2 where α 1 ∈ ∆ 1 and α 2 ∈ ∆ 2 . Third, if one may write ∆ = ∆ 1 ∪ ∆ 2 as a disjoint union where for all α 1 ∈ ∆ 1 and all α 2 ∈ ∆ 2 , the vector α 1 + α 2 is not a root, then ∆ is the direct sum of ∆ 1 and ∆ 2 . 
It is convenient to write "∆ 0 ֒→ ∆" in order to imply that there is an embedding from ∆ 0 to ∆ and to say, under these circumstances, that ∆ 0 "embeds" in ∆. Given this definition, one may summarize some of the preceeding observations: It is equivalent to say that (∆ 1 , ∆ 2 ) is a "splint" of ∆. Each component ∆ 1 and ∆ 2 is a "stem" of the splint (∆ 1 , ∆ 2 ).
Thus far, these definitions do not mention inner products. As explained earlier, since the factorization of the Weyl denominator does not require an inner product, the focus here is on the additive properties of root systems. Nevertheless, as defined in many places, for example as in [3] , a root system is a particular type of subset of a vector space equipped with a Euclidean inner product. In this regard, it is useful to distinguish between "metric root systems," which are endowed with an inner product and mere "root systems", described above.
It is also useful to introduce some terminology relating metric root systems with general root systems. Suppose ι : ∆ 0 ֒→ ∆ is an embedding, and suppose that the inner products associated to ∆ 0 and ∆, respectively, are , 0 and , . Call the embedding ι "metric" if there is a positive scalar λ such that
for all α, β ∈ ∆ 0 and "non-metric" otherwise. An imbedding ι : ∆ 0 ֒→ ∆ may not be metric even if the restriction of ι to every simple component is metric; call such a non-metric embedding "semimetric".
The structure of a root system is characterized by the additive properties of its corresponding system of positive roots. Thus, if ∆ is the set of all roots, positive and negative, and ∆ having the property that f (α + β) is a root if and only if α + β is a root. Hence, it is necessary only to consider positive root systems. This should be considered as the 0th definition of this section: A "simple root system" is any system of positive roots for one of the root systems listed above, and, more generally, a "root system" is any direct sum of these.
In the sequel, it is necessary to be familiar with some presentations of simple root systems. Set
where {e i : i ∈ I} is assumed to be orthonormal for any set I. Notice that every root of A r and every root of D r has norm 2. None of the well-known presentations of E 6 , E 7 , and E 8 are required here, but one does need the convention that every element of any of these root system has norm 2. Finally,
and G 2 = {e 1 − e 2 , e 2 − e 3 , e 1 − e 3 , 2e 1 − e 2 − e 3 , e 1 + e 2 − 2e 3 , e 1 − 2e 2 + e 3 }.
Results
The main result is the following:
The table of splints of simple root systems given in the appendix is complete.
In order to establish this, one first needs some moderately general results. First, it should be clear that the most difficult part of the problem involves splintering the simple root systems. Indeed, if a root system is a direct sum ∆ = ∆ 1 + ∆ 2 , then obviously (∆ 1 , ∆ 2 ) is a splint of ∆; one may regard this as a trivial splint. The next result is straighforward, provided one uses the axioms for root systems developed, for example, in [3] : Proposition 3.2 Suppose ι 1 : ∆ 1 ֒→ ∆ and ι 2 : ∆ 2 ֒→ ∆ are metric embeddings. Then, if it is non-empty, the intersection of the images of ι 1 and ι 2 is a root system metrically embedded in ∆.
Next, it is useful to characterize root systems of type ADE in this context: Proposition 3.3 Let ∆ be a simple root system. Then B 2 ֒→ ∆ if and only if ∆ has type BCF G.
Proof.
Notice that B 2 has roots α and β such that both α + β and 2α + β are also roots, as does every root system of type BCF G. On the other hand, no root sytem of type ADE has such a pair of roots.
Corollary 3.4 Suppose ∆ 0 is simple and ∆ has type ADE. If ι : ∆ 0 ֒→ ∆ is an embedding, then ∆ 0 has type ADE and ι is metric.
First use the characterization of root systems of type ADE given above; since ∆ 0 is simple, this implies that ∆ 0 has type ADE. Next, assuming all roots have norm 2, if α and β are roots, then α + β is a root if and only if α, β = −1. This shows that ι is metric.
One may now proceed with the various cases. There are two sections for handling the special cases, divided according to whether the simple root system has type ADE or BCF G. For each of the infinite sequences A r , B r , C r , and D r , there are two different parts to classifying the splints. First one must determine all splints when r is small, and then one must show that when r is sufficiently large, the number of splints is severely limited.
Root sytems of type ADE

A r
Since it has only 1 element, it is obvious that that A 1 does not splinter. Given any r ≥ 3, there are at least two splints of A r , namely (rA 1 , A r−1 ) and (A 1 + A r−1 , (r − 1)A 1 ). One may describe the first splint by writing
and the second by
Evidently the two splints are closely related, one being obtained from the other by "shifting" e 0 − e r between the two summands. These splints coincide when r = 2, yielding the splint (A 1 , 2A 1 ) of A 2 . The root system A 3 has an additional splint as (3A 1 , 3A 1 ), letting ∆ 1 = {e 0 − e 1 , e 1 − e 2 , e 0 − e 3 } and ∆ 2 = {e 2 − e 3 , e 0 − e 2 , e 1 − e 3 }.
Notice that in each of these subsets, there is a pair of orthogonal roots. Thus, it seems appropriate to denote this splint by ( Proof.
If one writes the highest root of A r as a linear combination of simple roots, then every coefficient is equal to 1. 
Proof.
Parts (a) and (b) are evident. Parts (c) and (d) follow quickly after observing the following: If A s ֒→ A r and A t ֒→ A r are embeddings with disjoint images, then s + t ≤ r. Suppose r = 4. It is clear that there are only two splints having A 3 as one of the components. If one of the components is A 2 , then every other component is isomorphic to either A 2 or A 1 . By simply listing the cases, one can eliminate all but the two described above. The argument for A 5 is similar. 
Suppose (∆ 1 , ∆ 2 ) is a splint of A r with having ι : A s ֒→ ∆ 1 as a component with s ≥ 2. Without loss of generality, one may assume that the roots in the image of ι have the form e i − e j , where i < j and i, j ∈ {0, 1, 2, ..., s − 1, r}. Consider restricting the splint to the embedding κ : A r−1 ֒→ A r where the image of κ consists of roots of the form e i − e j where 0 ≤ i < j ≤ r−1. Since κ is metric and all components of (∆ 1 , ∆ 2 ) are embedded metrically, this yields a splint of A r−1 having A s−1 as a component.
If r ≥ 6, then one may argue by contradiction, using the preceeding results.
Combining the results of this section, one sees that A r has exactly two splints when r ≥ 5.
D r
There is only one value of r ≥ 4 for which D r splinters, namely r = 4. In this case there is only one splint (2A 2 , 2A 2 ), and one may present this by writing Proof. Suppose A 5 is a component. Then there is a metric embedding A 4 ֒→ A 5 , and one may assume without loss of generality that the roots in the image of A 4 are those of the form e i − e j such that 1 ≤ i < j ≤ 5. In particular, the simple roots are e i − e i+1 for 1 ≤ i ≤ 4. Every root of D 5 not lying in this image of A 4 then has the form e i + e j . Since A 5 is a component, there is a root of the form e i + e j such that
is a system of simple roots. This is impossible, so A 5 cannot be a component.
Next, suppose A 4 is a component. Then the embedding of A 4 is metric and, as above, one may assume that the image consists of all roots of the form e i − e j , where 1 ≤ i < j ≤ 5. Every root not lying in the image then has the form e i + e j . Notice that A 2 hence does not embed in the remaining roots and every other simple component of the splint is isomorphic to A 1 . Since there are 10 roots of this form and A 4 has rank 4, the total of the ranks of all the simple components is then 14. Since this exceeds 10, this violates the definition of "splint".
An argument in the case that D 4 is a component similarly leads to a contradiction. 
Proof.
Suppose (∆ 1 , ∆ 2 ) is a splint of D r where r ≥ 6. Then every component is embedded metrically. Moreover, there is at least one embedding D 5 ֒→ D r whose image contains elements of both ∆ 1 and ∆ 2 . Such an embedding is metric and all the components of the splint are embedded metrically, so such a splint restricts to a splint of D 5 , a contradiction. E r Proposition 3.11 None of the root systems E 6 , E 7 , nor E 8 splinters.
Since D 5 embeds metrically in E r for all r ∈ {6, 7, 8} and E r has type ADE, one may use the same argument which was used for the cases of D r with r ≥ 6.
Root sytems of type BCF G G 2
By inspection, one may quickly establish: Proposition 3.12 The root system G 2 has exactly two splints.
These are (A 2 , A 2 ) and (2A 1 , B 2 ). One obtains the former of these by partitioning G 2 into its long and short roots; thus, ∆ 1 = {2e 1 − e 2 − e 3 , e 1 − 2e 2 + e 3 , e 1 + e 2 − 2e 3 } and ∆ 2 = {e 1 − e 2 , e 1 − e 3 , e 2 − e 3 }.
In this splint, both components are embedded metrically. One obtains the latter by considering two of the long roots as copies of A 1 . Thus, ∆ 1 = {e 1 − 2e 2 + e 3 , e 1 + e 2 − 2e 3 } and ∆ 2 = {2e 1 − e 2 − e 3 , e 1 − e 2 , e 1 − e 3 , e 2 − e 3 }. 
Proof.
One must show that there are no other splints other than that described above. Suppose (∆ 1 , ∆ 2 ) is a splint of F 4 and consider the possible cardinalities of the components ∆ 1 and ∆ 2 . One may quickly tabulate the cardinalities of all the root systems, simple or not, with rank not exceeding 4. One first finds that D 4 is the only such root system with cardinality 12. This shows that the only way to splinter D 4 into two root systems each with cardinality 12 is to splinter it as (D 4 , D 4 ).
At least one of these splints has already been described, so one must now show that there aren't any others. A tedious check reveals the existence of at least one non-metric embedding of D 4 ֒→ F 4 . This has simple roots Σ = {e 1 − e 4 , e 2 − e 4 , e 3 − e 4 , 2e 4 }, and the image consists of 9 short roots {e 1 ± e 4 , e 2 ± e 4 , e 3 ± e 4 , e 1 + e 2 , e 1 + e 3 , e 2 + e 3 } and 3 long roots {2e 4 , e 1 + e 2 + e 3 ± e 4 }.
Moreover, again by some tedious computations, one may see that every other embedding D 4 ֒→ F 4 which is not one of the two metric embeddings described earlier has precisely 3 long roots and 9 short roots. Thus, the remaining set of roots not lying in the image of this embedding, which contains 3 short roots and 9 long roots, cannot be the image of such an embedding. Therefore, there is only one splint of F 4 where the cardinality of each component is equal to 12.
Next, there are only two root systems having rank not exceeding 4 with cardinality between 12 and 24, namely B 4 and C 4 , and each of these has cardinality 16. Without loss of generality, assume ∆ 1 has cardinality 16. Then ∆ 2 must have cardinality 8, and another inspection of the table reveals that ∆ 2 must be isomorphic to 2B 2 . Thus, the aim now is to rule out the cases that (∆ 1 , ∆ 2 ) may be isomorphic to either (B 4 , 2B 2 ) or (C 4 , 2B 2 ). In order to rule these out, one observes that an embedding of either B 4 or C 4 in F 4 must be metric. In the former case, B 4 contains all the long roots of F 4 and in the latter, C 4 contains all the short roots. In either case, the balance consists of roots of only one length, and thus cannot contain a copy of B 2 .
B r
For any r ≥ 2, the root system B r has a splint (D r , rA 1 ) into long and short roots, given as ∆ 1 = {e i ± e j : 1 ≤ i < j ≤ r}, and ∆ 2 = {e i :
This splint is distinguished because both ∆ 1 and ∆ 2 are embedded metrically. The root system B 2 has two additional splints. The first, (A 1 , A 2 ), may be given by There are no other splints of B r besides these. The proof depends mainly on the analysis of the D r root systems and a detailed description of non-metric embeddings A s ֒→ B r .
Lemma 3.14 The root system C 3 does not embed in B r for any r ≥ 2.
Proof.
If α, β, and Proof.
This may be considered as a corollary to the analysis of the F 4 root system. Every nonmetric embedding D 4 ֒→ F 4 contains exactly 3 long roots and 9 short roots. Also, there is a metric embedding B 4 ֒→ F 4 . However, the root system B 4 has only 4 short roots, so there is no non-metric embedding D 4 ֒→ B 4 . The cases when s ≥ 5 follow by restricting to this case. 
This is obvious if r = 2. If r ≥ 3, then ∆ is simple since it has rank r and contains all the roots of D r . Since the image of ι contains all the r(r − 1) long roots of D r and not all of the short roots of B r , there is an integer k ∈ {0, 1, 2, ..., r − 1} such that the cardinality of ∆ is r(r − 1) + k. After an examination of the cardinalities of all the simple root systems, one concludes that k = 0.
Despite the fact that an embedding ι : A s ֒→ B r may not be metric, describing the image is straightforward: Proposition 3.17 Suppose ι : A s ֒→ B r is an embedding which is not metric. Then the image ι(A s ) has a splint (sA 1 , A s−1 ) where sA 1 consists of short roots of B r and A s−1 ֒→ B r is a metric embedding.
If the embedding is not metric, then at least one of the roots is short. Since there is only one orbit of roots under the action of the Weyl group for A s , one may assume without loss of generality that one of the simple roots on one of the ends of its Dynkin diagram is short. In this case, one obtains exactly s short roots. These roots comprise an orthogonal set and the balance is embedded metrically.
Proposition 3.18
The root system B 4 has exactly one splint.
Proof.
Suppose (∆ 1 , ∆ 2 ) is a splint of B 4 . Since |B 4 | = 16, one may assume without loss of generality that 8 ≤ |∆ 1 | < 16. Examining all the root systems with rank less than or equal to 4 and with these cardinalities, one sees that ∆ 1 must be isomorphic to one of B 3 , A 1 +B 3 , C 3 , A 1 + C 3 , 2B 2 , or D 4 . One must rule out all but one of these possibilities.
It is possible that ∆ 1 is isomorphic to D 4 . However, in this case, the embedding D 4 ֒→ B 4 is metric and therefore is the splint (D 4 , 4A 1 ) into long and short roots. Next, ∆ 1 cannot be C 3 or A 1 + C 3 because C 3 does not embed in B r for any value of r.
Suppose one of the simple components of the splint is B 3 . Then the embedding is metric and one may assume that the image is {e 1 , e 2 , e 3 , e 1 ± e 2 , e 1 ± e 3 , e 2 ± e 3 }.
One can check that A 2 does not embed in the set of 7 roots not lying in this image, and hence that B 3 cannot be a component.
Finally, suppose ∆ 1 ∼ = 2B 2 . Then |∆ 1 | = 8 and hence |∆ 2 | = 8. However, there is only one root system with rank less than or equal to 4 and with cardinality 8, namely 2B 2 . Since ∆ 1 ∼ = 2B 2 , each component is metric and hence ∆ 1 contains all 4 short roots of B 4 . It is not possible that ∆ 2 also contain all 4 short roots of B 4 , so ∆ 1 cannot be isomorphic to 2B 2 . 
Suppose r ≥ 5 and (∆ 1 , ∆ 2 ) is a splint of B r other than (D r , rA 1 ). Consider restricting this splint to the long roots, that is, to D r ֒→ B r . Notice that both ∆ 1 and ∆ 2 must each contain at least one long root of B r , so the restriction is not trivial. If ∆ is any simple component of the splint which is not embedded metrically, then ∆ = A s for some s. However, in this case, the restriction to the long roots is a metric embedding. Thus, restriction yields a splint of D r with r ≥ 5, a contradiction.
C r If r ≥ 3, then there is a splint (rA 1 , D r ) given as
This splint is distinguished because both components are embedded metrically. The root system C 3 has an additional splint (A 1 + B 2 , A 1 + A 2 ), which may be presented as ∆ 1 = {e 2 − e 3 } ∪ {2e 1 , 2e 2 , e 1 ± e 2 }, and ∆ 2 = {e 2 + e 3 } ∪ {2e 3 , e 1 ± e 3 }.
Evidently, the general conclusion for the case of C r is similar to the case of B r . Despite the similarity in the conclusions, however, the proofs differ considerably. The first part of the proof is to specify which simple components may appear in any splint of C r . Obviously A s , C s , and D s may imbed in C r for certain values of s, whereas if r ≥ 4, then none of the exceptional root systems may imbed in C r . One potentiality remains: 
It suffices to prove the case for s = 3, since B 3 embeds in B s for all s ≥ 3. First, if α, β, and 1 2 (α + β) are roots in C r , then α and β are long and orthogonal to each other, while 1 2 (α + β) is short. Next, B 3 contains distinct roots {α 1 , α 2 , β 1 , β 2 } with the property that the vector α 1 + β 1 2 = α 2 + β 2 2 is also a root. Suppose such roots lie in C r . Then one immediately has
One can show that the inner products among the other roots are also zero as follows: Consider the value α 1 , α 2 ∈ {±4, 0}. One knows α 1 , α 2 = 4 because these roots are not equal. One knows α 1 , α 2 = −4 because these roots are both positive. Thus, α 1 , α 2 = 0. A similar argument holds for the inner products α 1 , β 2 , α 2 , β 1 , and β 1 , β 2 . However, this implies that the "central" root 
Consider the analysis of the F 4 root system. Recall that one has a metric embedding C 4 ֒→ F 4 . However, every non-metric embedding D 4 ֒→ F 4 contains 3 long roots, two having the form e 1 ± e i + e j + e k , and the other having the form 2e i . Evidently this does not restrict to a non-metric embedding D 4 ֒→ C 4 , so this establishes the case s = 4. If s > 4, then every embedding D s ֒→ C r must restrict to a metric embedding D 4 ֒→ C r . Hence the embedding of D s is metric. 
This is routine to establish if r = 4. Next, suppose r ≥ 5. Let ι : D r ֒→ C r be the unique metric embedding, and restrict the splint to the image of ι. It was shown earlier that D r does not splinter when r ≥ 5, so one may assume without loss of generality that ∆ 2 contains all the short roots of C r . Since ∆ 2 contains all the short roots of C r while it is not equal to C r , it must be simple and therefore isomorphic to D r .
It is important to understand the contrapositive of this lemma: If (∆ 1 , ∆ 2 ) is a splint of C r for which there exists s ≥ 2 such that A s is a metrically embedded component in either ∆ 1 or ∆ 2 , then at least one simple component of either ∆ 1 or ∆ 2 is embedded nonmetrically. Moreover, under such circumstances, such a component is isomorphic to A t , embedded non-metrically, for some t ≥ 2.
The rest of the proof relies on techniques similar to those used for the cases of A r , D r , and B r . However, this case is different because of the potential occurrence of a non-metrically embedded copy of A s . Fortunately, it is easy to describe a non-metric embedding A s ֒→ C r : Lemma 3.23 Suppose ι : A s ֒→ C r is a non-metric embedding with s ≥ 2. Then (a) there is a unique index i such that 2e i lies in the image of ι, and (b) there is a subset J ⊂ {1, 2, 3, ..., r} having the property that e i + e j is in the image of ι if and only if j ∈ J.
First, if such an embedding contains no long roots, then it restricts to an embedding A s ֒→ D r . Every such embedding is necessarily metric, so the non-metric embedding A s ֒→ C r contains at least one long root, say 2e i . Notice that the root system A r contains only one orbit of roots under the action of the corresponding Weyl group, so, without loss of generality, one may assume that 2e i is the simple root corresponding to one of the ends of or C s for each of these must embed metrically. Nor can ∆ be B s or any exceptional root system for none of these embed in C r . The only remaining possibility is that ∆ ∼ = A s for some s ≥ 2. This immediately leads to a contradiction because then this splint restricts to a splint of C 4 having A 2 as a component.
Conclusion
This classification has not addressed the issue of equivalence. Indeed, one may define: If ∆ is a simple root system with Weyl group W , then the splints (∆ 1 , ∆ 2 ) and (∆ The general problem is to detect whether or not two splints are equivalent. As the reader must have noticed by now, however, splints of simple root systems are scarce and easy to describe, so it would not take much effort to determine that the table is complete up to equivalence. The splints of A 4 and D 4 probably afford the most non-trivial (and most interesting) cases.
There may be a more efficient way to achieve the classification of splints of simple root systems than that given here, although this author has not found one.
Appendix
Each row in the following table gives a splint (∆ 1 , ∆ 2 ) of the simple root system ∆.
